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A SURVEY OF MODELS FOR (∞, n)-CATEGORIES
JULIA E. BERGNER
Abstract. We give describe several models for (∞, n)-categories, with an
emphasis on models given by diagrams of sets and simplicial sets. We look
most closely at the cases when n ≤ 2, then summarize methods of generalizing
for all n.
1. Introduction: What should an (∞, n)-category be?
When we say that we want to find “models” for (∞, n)-categories, we are looking
for concrete mathematical objects which encode this desired structure. But first,
we need to answer a more basic question: What is an (∞, n)-category anyway? A
short answer is that it is should be a higher category which is given up to homotopy,
in some sense. Alternatively, it is a higher category in which sufficiently high-level
morphisms are invertible.
To give a better description of what (∞, n)-categories should be, let us first
consider what is meant by a higher category more generally. Recall that a category
in the usual sense consists of objects, morphisms between objects, and a composition
law for morphisms, such that each object has an identity morphism, and such that
composition is associative. As we move to higher categories, for specificity let us
refer to morphisms as 1-morphisms.
The essential idea behind a 2-category is that 1-morphisms which share source
and target objects can have 2-morphisms between them:
•

??
•.
These 2-morphisms should themselves have a composition law which is associative;
each 1-morphism should also have an associated identity 2-morphism. One could
then imagine extending these ideas for successively higher morphisms. If we stop
at some dimension n, we call the resulting structure an n-category; if we continue
to arbitrary n we obtain an ∞-category.
When the unitality of identity morphisms and associativity hold strictly, it is
not hard to define these structures concretely. A 2-category can be defined to be
a category enriched in categories. In other words, it consists of objects, together
with, for any pair of objects (x, y), a category of morphisms from x to y. The
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objects of this category define 1-morphisms x → y, and the morphisms between
them are 2-morphisms.
More generally, we can define an n-category to be a category enriched in (n−1)-
categories. Defining ∞-categories is more delicate, however.
The problem is that these strict conditions do not hold for many interesting
examples. Often associativity, for example, does not hold strictly, but rather only
up to isomorphism. For such a structure, we need to ask that various coherence laws
hold, leading to the notion of a weak n-category. In the case of a weak 2-category,
or bicategory, the required coherence laws are manageable to write down. The
situation gets successively more complicated for higher weak n-categories. While
there are many different proposed definitions of such structures, they are, in general,
not known to be equivalent to one another. A good introduction to many of these
approaches can be found in [33].
Much more progress has been made when we look at higher categories from a
homotopical perspective, leading to the notion of an (∞, n)-category. Heuristically,
an (∞, n)-category should be a weak ∞-category such that all i-morphisms are
weakly invertible for i > n. Since we already suggested that strict∞-categories are
not so straightforward, never mind weak ones, it is not immediately clear that such
a notion should be tractable in any way. Yet, starting with (∞, 0)-categories, or
∞-groupoids, which can be defined much more easily, we can again use a process
of enrichment to make an inductive definition: an (∞, n)-category is a category
enriched in (∞, n − 1)-categories. As long as we have a good model for (∞, 0)-
categories to begin, we have a very precise way to define higher (∞, n)-categories.
However, just as we often want weak, rather than strict, n-categories, we really
want (∞, n)-categories to be defined via some kind of weak enrichment, so that
composition might only be defined up to homotopy and the associativity and unit
conditions need not hold in a strict way but rather in some more homotopical sense.
While it might seem that we are back to the same kinds of issues as before, these
structures are remarkably more manageable than weak n-categories. Such weaker
models for (∞, 1)-categories can be defined using homotopy-theoretic tools such as
simplicial objects. The generalization of these structures to higher (∞, n)-categories
is difficult work and can be done in myriad ways, some of which are still work in
progress, but we have a number of models which are well-understood and known
to be equivalent to one another.
In this this paper, look at some of these models from a homotopy-theoretic point
of view. We look at the associated model category structures for each, and the
comparisons between them in the form of Quillen equivalences.
After introducing (∞, 0)-categories (and in doing so, reviewing some basic ideas
in simplicial homotopy theory) and various models for (∞, 1)-categories, we focus
primarily on (∞, 2)-categories. By emphasizing lower dimensions, we hope the
reader can grasp the basic ideas without immediately drowning in the abstraction of
the general case. At the end of the paper, we discuss fully general (∞, n)-categories,
at least for some of the known definitions.
It is important to remark here that we by no means cover all models or ap-
proaches to the subject. To keep this paper to a reasonable length, we have chosen
to focus on models given by diagrams of sets or simplicial sets, and from the point
of view of model category structures. In particular, we do not look at the axiomatic
treatments of Toe¨n [46] and of Barwick and Schommer-Pries [7], nor at the new
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model-independent approaches of Riehl and Verity [43], [44]. Other models we omit
include the n-relative category model of Barwick and Kan [5], [6], the n-complicial
sets of Verity [47] and their recent comparison with other kinds of diagrams [37],
the more geometric approach of Ayala, Francis, and Rozenblyum [3], and the vari-
ants building on marked simplicial sets of Lurie in [35]. These papers comprise
important work in the subject and we hope the introduction we have given here
will inspire the reader to look into them more closely.
2. Some model category background
Our approach to (∞, n)-categories is in the framework of model categories. The
definitions we make here do not need this extra structure, but from the point of
view of homotopy theory it is valuable to have it nonetheless. The reader only
interested in the ways to define (∞, n)-categories themselves can safely ignore this
language and regard it as means for making the formal comparisons. In this section,
we summarize some of the model category language that is used.
Let us start with a terse version of the definition; good references include the
surveys [22] and [23] or the books [25] and [27].
Definition 2.1. A model category is a category M, possessing all small limits
and colimits, together with three distinguished classes of morphisms, called weak
equivalences, fibrations, and cofibrations, satisfying several axioms. An acyclic
(co)fibration is a (co)fibration which is also a weak equivalence.
The existence of limits and colimits in M guarantees the existence of an initial
object ∅ and a terminal object ∗.
Definition 2.2. An object X of a model category M is cofibrant if the unique
morphism ∅ → X is a cofibration. Dually, X is fibrant if the unique morphism
X → ∗ is a fibration.
The structure of a model category enables one to have a well-defined homotopy
category without running into set-theoretic obstacles. On the one hand, the crit-
ical information of a model category is the collection of weak equivalences; any
two model categories with the same weak equivalences have equivalent homotopy
categories. On the other hand, the fibrant and cofibrant objects are important
in the construction of the specific homotopy category associated to a given model
category.
The following definition is our means of comparison between model categories.
Definition 2.3. Let M and N be model categories. A Quillen pair is an adjoint
pair of functors
F : M⇄ N : G
such that the left adjoint F preserves cofibrations and the right adjoint G preserves
fibrations. It is a Quillen equivalence if, additionally, a morphism FX → Y is a
weak equivalence in N if and only if the corresponding morphism X → GY is a
weak equivalence in M.
Throughout this paper, our goal is to describe model structures on certain cate-
gories in such a way that the fibrant and cofibrant objects model (∞, n)-categories.
We then give Quillen equivalences between these model categories, which demon-
strate that their corresponding models for (∞, n)-categories really do capture the
same structure.
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Many of these models use the framework of simplicial sets and more general
simplicial objects, so let us briefly review these ideas. Let ∆ be the category of
finite ordered sets [n] = {0 ≤ 1 ≤ · · · ≤ n} and order-preserving functions.
Definition 2.4. A simplicial set is a functor ∆op → Sets.
Three critical examples of simplicial sets are the n-simplex ∆[n], which is the rep-
resentable functor Hom∆(−, [n]), its boundary ∂∆[n], in which the non-degenerate
simplex in degree n has been removed, and, for any 0 ≤ k ≤ n, the k-horn V [n, k],
for which the simplex in degree n− 1 opposite the vertex k has also been removed.
Given any simplicial set K, one can obtain from it a topological space |K| via
geometric realization. This functor has a right adjoint, taking a topological space
X to the singular set Sing(X).
Theorem 2.5. [39, II.3] There is a model structure SSets on the category of sim-
plicial sets with weak equivalences the maps whose geometric realizations are weak
homotopy equivalences, and there is a model structure on the category of topological
spaces in which the weak equivalences are the weak homotopy equivalences. The
adjoint pair | − | : SSets⇆ T op : Sing is a Quillen equivalence of model categories.
We also want to consider further structure on some of our model categories; we
do not give full details of the definitions here but only the main idea.
Definition 2.6. [25, 9.1.6] A model categoryM is simplicial if, for any two objects
X and Y of M, there is a simplicial set Map(X,Y ) of morphisms from X to Y ,
and such that this simplicial structure is compatible with the model structure.
Definition 2.7. [41, 2.2] A model category M is cartesian if its underlying cate-
gory is closed symmetric monoidal via the cartesian product and this structure is
compatible with the model structure.
Many of the model structures that we consider here are given by localization of
a known model structure. The idea is that we start with a model structure, then
choose some set of morphisms that we would like to become weak equivalences.
Doing so typically forces many more morphisms to become weak equivalences than
only those in the given set. The theory of localizations of model categories, and
conditions under which they exist, can be found in [25] or [4].
The definition of the localization of a model category makes use of homotopy
mapping spaces, which can be defined for any model category M. The idea is
that, given two objects X and Y of a model category, one can define a simplicial
set Maph(X,Y ) which behaves like the mapping space Map(X,Y ) in a simplicial
model category yet is homotopy invariant and defined even if M is not simplicial.
Definition 2.8. (1) Let M be a model category and S a set of morphisms in
M. A fibrant object X of M is S-local if
Maph(B,X)→ Maph(A,X)
is a weak equivalence of simplicial sets for every map A→ B in S.
(2) A map C → D in M is an S-local equivalence if
Maph(D,X)→ Maph(C,X)
is a weak equivalence for every S-local object X .
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All of the model structures we consider here satisfy the hypotheses of the follow-
ing theorem, which we do not state in full detail.
Theorem 2.9. [25, 4.1.1] If M is a sufficiently nice model category and S is a set
of maps in M, then there exists a model structure on the same underlying category
of M in which the weak equivalences are the S-local equivalences, the cofibrations
are those of M, and the fibrant objects are the S-local objects.
Finally, we give a brief discussion of model structures on categories of diagrams
of simplicial sets.
Theorem 2.10. [25, 11.6.1] Let C be a small category and SSetsC the category
of functors C → SSets. There is a model structure, called the projective model
structure on this category, in which the weak equivalences and fibrations X → Y
are given by weak equivalences and fibrations of simplicial sets X(c) → Y (c) for
every object c of C.
There is likewise an injective model structure, where the weak equivalences and
cofibrations are defined levelwise. However, in all cases we consider here, this model
structure coincides with the Reedy model structure, which is often more convenient
in practice. We refer the reader to [40] or [25, 15.3] for more details. In this paper,
we are interested in simplicial spaces, or functors ∆op → SSets, as well as the
variants Θopn → SSets which we introduce later in the paper.
3. (∞, 0)-categories
Using our strategy given in the introduction, our first task is to give a concrete
model for (∞, 0)-categories. By definition, an (∞, 0)-category should be a weak
∞-groupoid: a weak ∞-category in which every i-morphism, for every i ≥ 1, is
weakly invertible. We make the following definition.
Definition 3.1. An (∞, 0)-category is a topological space.
Why is this definition sensible? Given a topological space X , we can think of
the points of X as objects, and the paths between points as 1-morphisms. Then
a homotopy between two paths with the same endpoints can be thought of as a
2-morphism, and we can continue to take homotopies between homotopies to make
sense of i-morphisms for all i ≥ 1. Since paths and homotopies are invertible up to
homotopy, we get a weak ∞-groupoid.
Remark 3.2. We have chosen one particular approach in this regard, following
work such as [2] or [36]. A general principle in higher category theory, called
the Homotopy Hypothesis, is that weak n-groupoids model n-types, or topological
spaces with nontrivial homotopy groups only in degrees n or lower. It stands to
reason, then, that a weak ∞-groupoid should be a topological space. We have
chosen to take this principle so seriously that we take it as our definition. One can
just as well take a more categorical definition of what an ∞-groupoid should be
and then try to prove the Homotopy Hypothesis for that particular definition; for
example see [16] or [17].
However, as in many situations in homotopy theory, it is preferable to work in
the setting of simplicial sets rather than that of topological spaces. The Quillen
equivalence of Theorem 2.5 tells us that topological spaces and simplicial sets have
the same homotopy theory. In practice, one might prefer one or the other, but
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from the point of view of homotopy theory they are equivalent. Thus, we can also
consider simplicial sets as models for ∞-groupoids. However, it is preferable to
restrict to the simplicial sets which are both fibrant and cofibrant; all objects are
cofibrant, but it is really only the fibrant objects, the Kan complexes, which best
model ∞-groupoids.
Definition 3.3. A simplicial set K is a Kan complex if a lift exists in any diagram
of the form
V [n.k]

// K
∆[n]
<<②
②
②
②
②
where n ≥ 1 and 0 ≤ k ≤ n.
The inclusions V [n, k]→ ∆[n] are called horn inclusions. To get an idea of what
this lifting property means, let us look at the case when n = 2. The horn V [2, 0]
can be depicted as
1
0 //
@@        
2
whereas V [2, 1] looks like
1
❃
❃❃
❃❃
❃❃
❃
0
@@        
2
and finally V [2, 2] looks like
1
❄
❄❄
❄❄
❄❄
0 // 2.
Having a lift with respect to V [2, 1] tells us that K has composition, in the sense
that any two 1-simplices, of which the source of one is the target of the other,
can be filled to a 2-simplex; we think of the additional face as a composite of the
original two 1-simplices. However, this composition need not be unique. In higher
dimensions, having a lift with respect to the analogous inner horns, for which
0 < k < n, gives information about composites for longer strings of 1-simplices,
and about associativity of composition, at least up to homotopy.
The outer horns, however, play a different role. For n = 2, the existence of lifts
when k = 0 and k = 2 demonstrate the existence of left and right inverses to a
given 1-simplex. Thus, these lifts show that a Kan complex not only behaves like
a category up to homotopy, but moreover like a groupoid up to homotopy. This
property agrees with our argument above that a Kan complex should model an
∞-groupoid. Indeed, one can make sense of paths and homotopies and homotopies
between homotopies, just as we do in a topological space, to think of a Kan complex
as an ∞-groupoid.
Now that we have good ways to think about (∞, 0)-categories, we are ready to
move up to (∞, 1)-categories.
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4. (∞, 1)-categories
Following our principle that any (∞, n)-category should be a category enriched
in (∞, n − 1)-categories, we can take categories enriched in topological spaces or
categories enriched in simplicial sets as a model for (∞, 1)-categories.
Definition 4.1. A simplicial category is a category enriched in simplicial sets. In
other words, it has a collection of objects, together with, for any pair (x, y) of
objects, a simplical set Map(x, y), together with a compatible composition law.
One can define topological categories analogously; we refer the reader to [28] for
the corresponding homotopy theory.
Since we want to look at each of our models homotopy-theoretically, we want
to show that we have a good model structure for simplicial categories. Let us
first define the appropriate notion of weak equivalence, which can be thought of
as a simplicial generalization of the definition of equivalence of categories. Given
a simplicial category, we denote by π0(C) the category of components of C, which
has the same objects as C and in which
Hompi0(C)(x, y) = π0MapC(x, y).
Definition 4.2. A simplicial functor f : C → D is a Dwyer-Kan equivalence if:
(1) for any x, y ∈ ob(C), the induced map
MapC(x, y)→ MapD(fx, fy)
is a weak equivalence of simplicial sets; and
(2) the induced functor π0(C)→ π0(D) is essentially surjective.
Theorem 4.3. [9, 1.1] There is a model structure SC on the category of small sim-
plicial categories in which the weak equivalences are the Dwyer-Kan equivalences.
As for simplicial sets, we focus on the fibrant objects, which are precisely the
simplicial categories whose mapping spaces are all Kan complexes.
However, there are good reasons to look for alternative models for (∞, 1)-categories.
• This model category does not satisfy good properties if we want to con-
tinue the process of enrichment to obtain models for (∞, 2)-categories. The
category of small categories enriched in small simplicial categories can be
defined, but we cannot expect it to have a suitable model structure, since
SC is not a cartesian model category.
• This model is too rigid to accommodate many examples. The composition
law in an enriched category is required to satisfy strict associativity and
unitality, and we would like models for which these properties only hold up
to homotopy.
Our discussion of Kan complexes earlier lends itself to one possible way to think
of certain simplicial sets as (∞, 1)-categories. We can retain the conditions which
encode category-like behavior but exclude the ones which impose the existence of
inverses.
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Definition 4.4. A simplicial set K is a quasi-category if a lift exists in any diagram
of the form
V [n.k]

// K
∆[n]
<<②
②
②
②
②
where n ≥ 1 and 0 < k < n.
Theorem 4.5. [20, 2.13], [30], [34, 2.2.5.1] There is a cartesian model structure
QCat on the category of simplicial sets in which the fibrant objects are the quasi-
categories.
To show that quasi-categories provide a good model for (∞, 1)-categories, it
suffices to have a model category is Quillen equivalence between QCat and SC. We
first need to define an adjoint pair of functors between the underlying categories.
The following definition was first given by Cordier and Porter [18].
Definition 4.6. The coherent nerve functor N˜ : SSets→ SC is defined by
N˜(C)n = HomSC(F∗[n], C),
where F∗[n] denotes a simplicial resolution of the category [n].
Different approaches to the following result can be found in [30] and [34].
Proposition 4.7. The coherent nerve functor N˜ admits a left adjoint C.
This adjoint pair gives us our desired means of comparison.
Theorem 4.8. [20, 8.2], [30], [34, 2.2.5.1] The adjoint pair
C : QCat⇆ SC : N˜
is a Quillen equivalence.
However, there are other approaches to defining models for (∞, 1)-categories with
weak composition whose starting point is instead the simplicial nerve functor, which
takes a simplicial category to a simplicial space, or bisimplicial set, ∆op → SSets.
To define this functor, it is convenient to observe that a simplicial category, in our
sense, can be thought of as a simplicial object ∆op → Cat for which the face and
degeneracy maps are all the identity on objects.
Definition 4.9. Let C be a simplicial category, thought of as a functor ∆op → Cat.
Its simplicial nerve is the simplicial space snerve(C) defined by
snerve(C)∗,m = nerve(Cm).
We want to look at simplicial spaces that arise as simplicial nerves of simplicial
categories and identify what properties they must have. The first thing to observe
is that, since simplicial categories do not have a simplicial structure on their ob-
jects, the simplicial set snerve(C)0 must be discrete. We thus make the following
definition.
Definition 4.10. A Segal precategory is a simplicial space X such that X0 is
discrete.
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We denote the category of Segal precategories by SSets∆
op
disc .
More interestingly, however, is the structure that we get from the composition
of mapping spaces in a simplcial category. To describe it, we need to set up some
notation.
In the category ∆, consider the maps αi : [1] → [k], where 0 ≤ i < k, given by
αi(0) = i and αi(1) = i+ 1. Define the simplicial set
G(k) =
k−1⋃
i=0
αi∆[1] ⊆ ∆[k].
Alternatively, we can write
G(k) = ∆[1] ∐∆[0] · · · ∐∆[0] ∆[1]︸ ︷︷ ︸
k
where the right-hand side is colimit of representables induced by the diagram
[1]
d0
→ [0]
d1
← · · ·
d0
→ [0]
d1
← [1]
in the category ∆.
Since we are working with simplicial spaces, rather than simplicial sets, we want
to think of G(k) and ∆[k] in that context. There are two ways to think of a simpli-
cial set K as a simplicial space: as a constant simplicial diagram given by K, or as
a diagram of discrete simplicial sets given by the simplices of K. Since the former
is typically still denoted by K, we denote the latter by Kt; we think of it as the
“transpose” of the constant diagram, which constant in the other simplicial direc-
tion. Thus, we have Ktk = Kk, where the right-hand side is a constant simplicial
set on the set Kk.
With this notation in place, let us consider the inclusion of simplicial spaces
G(k)t → ∆[k]t.
Definition 4.11. Given any simplicial space W and any k ≥ 2, the Segal map is
the induced map
Map(∆[k]t,W )→ Map(G(k)t,W )
which can be rewritten simply as
Wk →W1 ×W0 · · · ×W0 W1︸ ︷︷ ︸
k
.
Now it is not hard to check the following characterization of simplicial nerves.
Proposition 4.12. Let X be a simplicial space which can be obtained as the nerve
of a simplicial category. Then X is a Segal precategory and, for every k ≥ 2, the
Segal maps
Xk → X1 ×X0 · · · ×X0 X1︸ ︷︷ ︸
k
are isomorphisms of simplicial sets.
Since we want a model for (∞, 1)-categories which is less rigid than that of sim-
plicial categories, we can relax the condition that the Segal maps be isomorphisms.
We thus make the following definition.
Definition 4.13. A Segal space is a Reedy fibrant simplicial space W such that
the Segal maps are weak equivalences of simplicial sets for all k ≥ 2.
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This requirement that the Segal maps be weak equivalences is often referred to
as the Segal condition.
Theorem 4.14. [42, 7.1] There is a model structure, which we denote by SeSp,
on the category of simplical spaces such that all objects are cofibrant and the fibrant
objects are precisely the Segal spaces.
Segal spaces, with no further assumptions, do not quite model (∞, 1) categories.
While the Segal condition allows us to define an up-to-homotopy composition, we
have a space, rather than a set, of objects. In other words, Segal spaces model cate-
gories internal to spaces, rather than enriched in spaces. There are two approaches
to remedying this difficulty.
For our first model, taking the output of the simplicial nerve as a guide, we retain
the discreteness of the space in degree 0. The following definition first appeared in
[21].
Definition 4.15. A Segal category is a Segal precategory for which the Segal maps
are weak equivalences for all k ≥ 2.
To show that Segal categories do indeed give a model for (∞, 1)-categories, we
need to define a model structure for them and show that it is Quillen equivalent to
SC. We first need a sensible notion of weak equivalence, and again we use simplicial
categories as a guide.
We can apply much of the language of simplicial categories in the context of
Segal categories. Given a Segal category X , we refer to the discrete space X0 as its
set of objects. We define mapping spaces between objects x and y as the homotopy
pullback
mapX(x, y)

// X1

{(x, y)} // X0 ×X0.
Using the fact that the Segal maps are weak equivalences, there is a notion of
composition of mapping spaces, but it is only defined up to homotopy [42, 5.3].
Thus, we get a desired “weak composition” compared to the stricter composition
in a simplicial category. Taking the objects and the sets of path components of
the mapping spaces, we obtain an ordinary category Ho(X) associated to a Segal
category X .
Although we do not go into detail here, there is a suitable functor L which takes
any Segal precategory to a Segal category which is weakly equivalent to it in the
model category SeSp [12, §5]. Thus, for more general Segal precategories, we can
first apply the functor L and then apply the definitions just described. In particular,
we make the following definition.
Definition 4.16. A map f : X → Y of Segal precategories is a Dwyer-Kan equiv-
alence if:
(1) for any objects x, y ∈ X0, the induced map
mapLX(x, y)→ mapLY (fx, fy)
is a weak equivalence of simplicial sets, and
(2) the induced map on homotopy categories Ho(LX)→ Ho(LY ) is essentially
surjective.
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Theorem 4.17. [12, 5.1, 7.1, 7.5], [38] There are two model structures on the
category of Segal precategories, each of which has Dwyer-Kan equivalences as weak
equivalences.
(1) The first model structure, which we denote by SeCatc, has all objects cofi-
brant and fibrant objects precisely the Reedy fibrant Segal categories, and
this model structure is cartesian.
(2) The second model structure, which we denote by SeCatf , has fibrant ob-
jects precisely the projective fibrant Segal categories. The cofibrant objects
are closely related to cofibrant objects in the projective model structure on
simplicial spaces.
(3) The two model structures are Quillen equivalent via the identity functors:
id : SeCatf ⇄ SeCatc : id .
Remark 4.18. The astute reader might have noticed the following incongruity in
our definitions. We assume that a Segal space is Reedy fibrant, but we make no
such assumption on a Segal category. In particular, what we’d like to say is that
a Segal category is simply a Segal space with 0-space discrete. That point of view
works nicely if all we wanted was the model structure SeCatc. Indeed, this model
structure is preferable for many purposes and was the one originally developed by
Pelissier in [38].
Unfortunately, there is no direct Quillen equivalence between SC and SeCatc,
essentially because there are too many cofibrations in SeCatc compared to SC. The
model structure SeCatf is designed to facilitate this comparison.
We could instead drop the Reedy fibrancy condition on Segal spaces (and many
authors do), but then the face maps used to define the limits in the codomains
of the Segal maps need not be fibrations, so we need to take a homotopy limit
instead. For Segal categories, the discreteness in degree zero allows us to consider
strict limits, so we do not need Reedy fibrancy. One could take an analogous Segal
space localization in the projective model structure as well. There are reasons why
this model structure is not as well-behaved for comparisons as the one we have
chosen; see [12, §7] for further discussion on this point.
Theorem 4.19. [12, 8.6] The simplicial nerve functor SC → SSets∆
op
disc has a left
adjoint which we denote by F . This adjoint pair induces a Quillen equivalence
F : SeCatf ⇄ SC : snerve .
This left adjoint functor F can be thought of as a “rigidification” of a Segal
category to a simplicial category.
The model structure SeCatc, on the other hand, is well-suited to comparison
with our alternate approach to making Segal spaces models for (∞, 1)-categories.
A first question we might ask is why we want an alternative to Segal categories.
The main difficulty with them is the fact that we need their degree 0 space to
be discrete, which is an unnnatural condition from the perspective of homotopy
theory. We could weaken this condition to homotopy discreteness, but there is
another point of view, which we now describe.
Let us return to the way in which we talked about Segal categories in the lan-
guage of simplicial categories. The definitions we made above make sense for more
general Segal spaces. In particular, given a Segal space W , we define its space of
homotopy equivalences to be the subspace of W1 whose image in Ho(W ) consists
12 J.E. BERGNER
of isomorphisms, and we denote it by Wheq. Observe that the degeneracy map
s0 : W0 → W1 factors through Wheq.
Definition 4.20. A Segal space W is complete if the map W0 → Wheq is a weak
equivalence of simplicial sets.
The idea behind this completeness condition is that the space of objects, which
we no longer assume to be discrete, is instead encoded into the space of morphisms.
Theorem 4.21. [42, 7.2] There is a model structure on the category of simplicial
spaces, denoted by CSS, in which all objects are cofibrant and the fibrant objects are
precisely the complete Segal spaces. Furthermore, this model structure is cartesian.
To compare this model structure to SeCatc, we need a way to “discretize” the
degree zero space of a complete Segal space to get a Segal category.
Theorem 4.22. [12, 6.3] The inclusion functor I : SSets∆
op
disc → SSets
∆op admits
a right adjoint D. This adjoint pair induces a Quillen equivalence
I : SeCatc ⇆ CSS : D.
To understand why this theorem works, let us look at the role of Dwyer-Kan
equivalences in the model structure CSS via the following theorem of Rezk.
Theorem 4.23. [42, 7.6, 7.7]
(1) Let f : W → Z be a map of Segal spaces. Then f is a Dwyer-Kan equiva-
lence if and only if it is a weak equivalence in CSS.
(2) Let f : W → Z be a map of complete Segal spaces. Then f is a Dwyer-Kan
equivalence if and only if it is a weak equivalence in CSS.
The right adjoint D to the inclusion functor effectively collapses the simplicial
set in degree zero to its set of components. If we apply this functor to a complete
Segal space W , then the result is typically no longer complete, but it is a Segal
category. If W → Z is a weak equivalence between complete Segal spaces in CSS,
the Quillen equivalence above essentially reduces to showing that the functor D
preserves Dwyer-Kan equivalences.
Remark 4.24. A natural question to ask is when complete Segal spaces and Segal
categories coincide. The answer is not very often! A simplicial space X which is
both a complete Segal space and a Segal category satisfies both X0 ≃ Xheq and
X0 is discrete. In other words, the space of homotopy equivalences of X must be
homotopy discrete, and Ho(X) is a category with no non-identity automorphisms of
objects. It can have non-identity isomorphisms, but they must be unique between
two given objects. An analogous structure is a simplicial category for which all ho-
motopy automorphisms are homotopic to identity morphisms and whose homotopy
equivalences between two given objects form a contractible space.
That there are also Quillen equivalences (in both directions!) between QCat and
CSS, and between QCat and SeCatc, was proved by Joyal and Tierney [32]. We
discuss one of these comparisons.
Theorem 4.25. [32, 4.11] The evaluation map ev0, taking a simplicial space W
to the simplicial space W∗,0, is right adjoint to the inclusion functor i : SSets →
SSets∆
op
, taking a simplicial set K to the simplicial space Z with Z∗,n = K for all
n. This adjoint pair induces a Quillen equivalence
i : QCat⇄ CSS : ev0 .
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While we have by no means covered all possible models for (∞, 1)-categories, the
ones we have here give a sense of how they can be described. We now look toward
moving up one more level to (∞, 2)-categories.
5. (∞, 2)-categories as enriched categories
The first approach to obtaining models for (∞, 2)-categories is to take categories
enriched in any one of our models for (∞, 1)-categories. Simply defining such ob-
jects is not a problem for any of the models that we have, as each of the underlying
categories has a well-behaved monoidal structure under cartesian product. How-
ever, as we have already seen for simplicial categories, we do not expect that all of
these models have corresponding model structures. The key feature we need if we
want such a model structure is that the enrichment is taken over a cartesian model
category. As we saw in the previous section, three of the models have cartesian
model structures: QCat, CSS, and SeCatc.
In fact, we do get model structures if we enrich in any of these model structures.
The general strategy is spelled out by Lurie in in Appendix A of [34]. The main idea
is that we want a model structure on the category of small categories enriched in
a cartesian model category V , denoted by V-Cat, which is analogous to the model
structure for simplicial categories, with a variant of Dwyer-Kan equivalences as
weak equivalences. But how do we define these maps in a more general enriched
category?
The first condition, that of being homotopically fully faithful, is not hard to
generalize. We simply ask that the induced maps on mapping objects, which we
denote by Map
C
(x, y), be weak equivalences in V . But what about essential surjec-
tivity? For Dwyer-Kan equivalences of simplicial categories, we used the category
of components π0C of a simplicial category C. Since there we had mapping simpli-
cial sets, taking π0 was a natural thing to do. More generally, we define π0C to be
the category whose objects are those of C and whose morphisms are given by
Hompi0C(x, y) = HomHo(V)(∗,MapC(x, y)),
where ∗ denotes the terminal object of V .
Definition 5.1. A V-enriched functor f : C → V is a Dwyer-Kan equivalence if:
(1) for every x, y ∈ ob(C), the map
Map
C
(x, y)→ Map
D
(fx, fy)
is a weak equivalence in V , and
(2) the functor π0(C)→ π0(D) is essentially surjective.
Let us now show that we have the desired model categories. In the case in which
we enrich in the complete Segal space model structure CSS, a full proof applying
this strategy is given by the author and Rezk in [14].
Theorem 5.2. [14, 3.11] There is a cofibrantly generated model structure on CSS-
Cat in which the weak equivalences f : C → D are Dwyer-Kan equivalences.
Essentially the same proof technique can be used to obtain a similar result for
enriching in SeCatc.
Theorem 5.3. There is a cofibrantly generated model structure on SeCatc-Cat in
which the weak equivalences f : C → D are the Dwyer-Kan equivalences.
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The corresponding theorem for enriching in QCat is implicit in [34]; we give a
brief sketch of the proof here.
Theorem 5.4. There is a cofibrantly generated model structure on QCat-Cat in
which the weak equivalences f : C → D are the Dwyer-Kan equivalences.
Proof. We apply the criteria of [34, A.3.2.4]. The only condition that is not straight-
forward to check is that weak equivalences in QCat preserve filtered colimits. How-
ever, this result is proved in [19, 2.13]. 
Given these model structures, we would like to know that they are all equivalent
to one another, since we are enriching in Quillen equivalent model categories. The
following result is a consequence of [34, A.3.2.6].
Theorem 5.5. There are Quillen equivalences
QCat− Cat
vv♥♥♥
♥♥
♥♥
♥♥
♥♥
♥
''PP
PP
PP
PP
PP
PP
SeCatc − Cat //
66
CSS − Cat.
gg
oo
However, if we want to move to higher (∞, n)-categories by iterating this process,
we have the same trouble again, as the model categories we have given here are not
cartesian.
Furthermore, if we want to accommodate more flexible examples, we want to have
models with less rigid composition structure. There are a number of approaches
which generalize the models for (∞, 1)-categories in different ways. In the next
few sections, we look at some of the possibilities, starting with generalizations of
complete Segal spaces and Segal categories.
6. Multisimplicial models for (∞, 2)-categories
When trying to move to (∞, 2)-categories, the first thought one might have is
to add a higher categorical level by adding another simplicial level. We see this
kind of intuition when we generalize from the nerves of categories (simplicial sets)
to simplicial nerves of simplicial categories (bisimplicial sets).
When we consider Segal categories and complete Segal spaces, our starting point
is the notion of Segal space. Thus, it is natural to start with a structure that satisfies
Segal conditions in two simplicial directions. There are different ways to describe
such a structure, but we begin with the following description.
Definition 6.1. A Reedy fibrant functor W : ∆op×∆op → SSets is a double Segal
space if the Segal maps
Wk,∗ →W1,∗ ×W0,∗ · · · ×W0,∗ W1,∗︸ ︷︷ ︸
k
and
W∗,k →W∗,1 ×W∗,0 · · · ×W∗,0 W∗,1︸ ︷︷ ︸
k
are weak equivalences for any k ≥ 2. In other words, the simplicial spaces Wk,∗
and Wk,∗ are Segal spaces for any fixed k.
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The definition we have given treats the two simplicial directions equally, but it
can be convenient to distinguish the two in the following way.
Definition 6.2. A Reedy fibrant functor W : ∆op → SSets∆
op
is a Segal object in
Segal spaces if the maps
Wk →W1 ×W0 · · · ×W0 W1︸ ︷︷ ︸
k
are weak equivalences in SeSp for all k ≥ 0.
Indeed, one can check that these two definitions agree.
Proposition 6.3. A bisimplicial space is a double Segal space if and only if it is a
Segal object in Segal spaces.
The following model structure appears in [13], although it was almost certainly
known to experts previously.
Theorem 6.4. There is a model structure on the category of bisimplicial spaces in
which the fibrant objects are precisely the double Segal spaces.
Just as Segal spaces do not quite model (∞, 1)-categories, we do not expect
double Segal spaces to model (∞, 2)-categories. Recall that the difference for Segal
spaces was that they give a model for categories internal to spaces, rather than
categories enriched in spaces. In other words, we have a space of objects as well as
of morphisms. The problem here is similar. A double Segal space encodes the infor-
mation of a homotopical double category. A double category is a category internal
to categories, and as such has objects, horizontal morphisms, vertical morphisms,
and squares.
More precisely, suppose that W is a double Segal space. We can think of X0,0
as the space of objects, W0,1 as the space of vertical morphisms, W1,0 as the space
of horizontal morphisms, and W1,1 as the space of squares. In other words, the
2-morphisms are encoded in squares like the following:
• //

•

• // •.
However, when we look at (∞, 2)-categories, we typically want to think of 2-
morphisms as being of the form
•

??
•.
In particular, do not want to have nontrivial vertical morphisms, but only horizon-
tal ones, and thus rather than configurations of squares we want what are often
called “globular” diagrams. To model such a structure without interesting vertical
morphisms, we want to ask that the simplicial space W0,∗ be essentially constant.
As in the case of (∞, 1)-categories, we also want to ask either that W0,0, the space
of objects, be discrete, or to have a corresponding completeness condition. Addi-
tionally, since we want to think of (∞, 2)-categories as enriched in (∞, 1)-categories,
we want the same kind of condition on the 1-morphisms: either that the space of
such be discrete, or that we have a corresponding completeness condition. The
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focus of this section, then, is to describe how to impose these kinds of conditions
appropriately.
Let us first consider the option of imposing two completeness conditions. As a
first step, let us define Segal objects in complete Segal spaces, building on Definition
6.2.
Definition 6.5. A Reedy fibrant functor W : ∆op → SSets∆
op
is a Segal object in
complete Segal spaces if, for any k ≥ 2, the Segal map
Wk →W1 ×W0 · · · ×W0 W1︸ ︷︷ ︸
k
is a weak equivalence in the complete Segal space model structure CSS.
This definition, as we have given it, is quite formal, so let us investigate the struc-
ture further. We first make the following definition of mapping objects, generalizing
mapping spaces in a Segal space.
Definition 6.6. Let W be a double Segal space. Then for any x, y ∈ W0,0,0,
the mapping object map
W
(x, y) is defined to be the simplicial space defined as the
pullback
(6.7) map
W
(x, y) //

W1,∗
(d1,d0)

{(x, y)} // W0,∗ ×W0,∗.
As for mapping spaces in Segal spaces, the fact that W is Reedy fibrant implies
that this pullback is actually a homotopy pullback. We can use these mapping
objects in the following alternative characterization of Segal objects in complete
Segal spaces.
Proposition 6.8. A Reedy fibrant functor W : ∆op×∆op → SSets is a Segal object
in complete Segal spaces if and only if it satisfies the following conditions:
(1) for any m ≥ 2, the Segal map
Wm,∗ →W1,∗ ×W∗,0 · · · ×W∗,0 W1,∗︸ ︷︷ ︸
m
is a weak equivalence in CSS; and
(2) for every x, y ∈W0,0,0, mapW (x, y) is a complete Segal space.
Proof. It is not hard to check that a bisimplicial space satisfying these two condi-
tions is a Segal object in complete Segal spaces.
Conversely, suppose that W is a Segal object in complete Segal spaces. Then
(1) holds, since these maps are assumed to be weak equivalences of complete Segal
spaces.
To check (2), consider map
W
(x, y) for fixed x, y ∈ W0,0,0. Since W is assumed
to be Reedy fibrant, the right vertical map in (6.7) is a fibration between complete
Segal spaces, which are the fibrant objects in CSS. Since the discrete object {(x, y)}
is also a fibrant object in CSS, the pullback must be as well. It follows that
map
W
(x, y) is fibrant, namely, a complete Segal space. 
(∞, n)-CATEGORIES 17
We use the approach of this second characterization to define complete Segal
objects.
Definition 6.9. A Reedy fibrant functor W : ∆op × ∆op → SSets is a complete
Segal object in complete Segal spaces, or a 2-fold complete Segal space if:
(1) for every k ≥ 0, the simplicial space W∗,k is a complete Segal space;
(2) for every x, y ∈ W0,0,0, the simplicial space mapW (x, y) is a complete Segal
space; and
(3) the simplicial space W0,∗ is essentially constant.
Remark 6.10. The definition of 2-fold complete Segal space is often stated with
(1) replaced by the the seemingly weaker condition that eachW∗,k be a Segal space
with only W∗,0 assumed to be complete. However, as proved by Johnson-Freyd
and Scheimbauer [29, 2.8], these conditions actually imply condition (1) as we have
stated it.
The following model structure, like the one for complete Segal spaces, is obtained
via localization of the Reedy model structure on bisimplicial spaces.
Theorem 6.11. [15] There is a model structure CSS(CSS) on the category of
bisimplical spaces in which the fibrant objects are precisely the 2-fold complete Segal
spaces.
Because they play such a critical role in the theory of complete Segal spaces and
their comparison with other models, and are used to define the enriched category
models for (∞, 2)-categories, let us look at Dwyer-Kan equivalences in this setting.
We have defined mapping objects, so we can define homotopical fully faithfulness,
but for essential surjectivity we need a notion of homotopy category of a 2-fold
complete Segal space. Since one might think more naturally of a homotopy 2-
category in this context, we need to reduce a categorical level, which we do by
defining the underlying complete Segal space of a 2-fold complete Segal space.
Definition 6.12. Let τ∆ : ∆→ ∆×∆ be the functor defined by [m] 7→ ([m], [0]).
The induced functor τ∗∆ : SSets
∆op×∆op → SSets∆
op
defines the underlying simpli-
cial space of a bisimplicial space.
Proposition 6.13. [15] If W is a 2-fold (complete) Segal space, then its underlying
simplicial space τ∗∆W is a (complete) Segal space.
In particular, τ∗∆W has an associated homotopy category. In the following def-
inition, we let L denote the functorial fibrant replacement functor in the double
Segal space model structure.
Definition 6.14. LetW and Z be objects of SSets∆
op
×∆op . A functor f : W → Z
is a Dwyer-Kan equivalence if:
• for any x, y ∈ W0,0,0, the induced map mapLW (x, y) → mapLZ(fx, fy) is
a weak equivalence in CSS, and
• the induced map Ho(τ∗∆LW )→ Ho(τ
∗
∆LZ) is essentially surjective.
Theorem 6.15. [15] A map f : W → Z of Segal objects in CSS is a Dwyer-Kan
equivalence if and only if it is a weak equivalence in CSS(CSS).
To show that 2-fold complete Segal spaces give a good model for (∞, 2)-categories,
we would like to show that the model category CSS(CSS) is Quillen equivalent to
18 J.E. BERGNER
CSS-Cat. Just as in the comparison between simplicial categories and complete
Segal spaces, we make use of an intermediate model structure which uses a dis-
creteness condition. Thus, we turn to one of our variant models.
Definition 6.16. A Segal category object in complete Segal spaces is a functor
W : ∆op → SSets∆
op
such that W0 is discrete and for each k ≥ 0 the map
Wk →W1 ×W0 · · · ×W0 W1︸ ︷︷ ︸
k
is a weak equivalence of complete Segal spaces.
As for Segal categories, observe that we are not simply saying that a Segal
category object is a Segal object in complete Segal spaces with the appropriate
discreteness, because we do not want to impose Reedy fibrancy. We once again
make use of two different model structures for our desired comparison.
Theorem 6.17. [14] There are two model structures on the category of functors
W : ∆op → SSets∆
op
such that the fibrant objects are Segal category objects and
the weak equivalences are the Dwyer-Kan equivalences:
• the model structure SeCatc(CSS), in which the fibrant objects are the Segal
category objects in complete Segal spaces which are Reedy fibrant, and
• the model structure SeCatf(CSS), in which the fibrant objects are the Segal
category objects in complete Segal sapces which are projective fibrant.
Furthermore, there is a Quillen equivalence
SeCatf (CSS)⇄ SeCatc(CSS)
given by the identity functors.
Now, the following result mirrors the Quillen equivalences between simplicial
categories, Segal categories, and complete Segal spaces.
Theorem 6.18. [14], [15]
(1) The bisimplicial nerve functor induces a Quillen equivalence
CSS − Cat⇆ SeCatf (CSS).
(2) The inclusion functor induces a Quillen equivalence
SeCatc(CSS)⇄ CSS(CSS).
This theorem brings together all the models we have discussed thus far, estab-
lishing that they are all equivalent to one another. While the technical points of
this proof are quite difficult, the idea behind it is to apply the same methods as we
did in the case of (∞, 1)-categories, but replacing the model structure on simplicial
sets by CSS.
However, we have only considered two of the four possible combinations of com-
pleteness and discreteness conditions on double Segal spaces. In particular, one
could argue that we have been giving preferential treatment to the completeness
condition. Historically, however, a notion of Segal category objects in Segal cat-
egories came first, in work of Hirschowitz and Simpson [26], and are treated in
[45].
Definition 6.19. A bisimplicial space X : ∆op × ∆op → SSets is a Segal 2-
precategory if:
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(1) for any m ≥ 0, the simplicial set Xm,0 is discrete; in other words, X can
be thought of as a simplicial object in Segal precategories; and
(2) for any k ≥ 0, the simplicial set X0,k is discrete.
If, in addition, for any k ≥ 2, the Segal map
Xk,∗ → X1,∗ ×X0,∗ · · · ×X0,∗ X1,∗︸ ︷︷ ︸
k
is a Dwyer-Kan equivalence in SeCatc, then X is a Segal 2-category.
In other words, if we think of a Segal 2-category as a functor X : ∆op →
SSets∆
op
disc , then each Xk is a Segal category, so for any m ≥ 2, the Segal map
Xk,m → Xk,1 ×Xk,0 · · · ×Xk,0 Xk,1︸ ︷︷ ︸
m
is a weak equivalence of simplicial sets.
Theorem 6.20. [38], [10] There is a model structure on the category of Segal 2-
precategories such that the weak equivalences are Dwyer-Kan equivalences and the
fibrant objects are the Reedy fibrant Segal 2-categories.
Once again, we could take an analogous structure which is projective fibrant,
rather than Reedy (or even mix and match the two in the two simplicial directions!),
but we do not worry about this structure here, since their main purpose was to aid
in comparison with an enriched category model, and we do not need to make such
a comparison here.
Now we would like to know that all of these models are equivalent. The idea is
that we can use the Quillen equivalence between SeCatc and CSS to do so. Once
again, the proofs are more delicate, but the core idea comes from that original
comparison.
Theorem 6.21. [10] The inclusion functors and their right adjoints, which are
given by appropriate discretization functors, induce Quillen equivalences
SeCatc(SeCatc)⇄ SeCatc(CSS)⇄ CSS(CSS).
We can summarize the results of this section via the following diagram, in which
the displayed arrows are the left adjoint of a Quillen equivalence:
CSS − Cat SeCatf (CSS) //oo SeCatc(CSS) // CSS(CSS)
SeCatc(SeCatc)
OO
Remark 6.22. In theory, there is one remaining possibility, that of complete Segal
objects in Segal categories. However, although such objects can be defined, they
are not substantively different from Segal 2-categories. The problem goes back to
the question of when Segal categories are complete Segal spaces.
To see what happens, let us modify Definition 6.9 to what we expect a com-
plete Segal object in Segal categories to be. Such an object should be a functor
W : ∆op → SSets∆
op
disc , or a functorW : ∆
op×∆op → SSets with eachWm,0 discrete.
It should satisfy:
(1) for every k ≥ 0, the simplicial space W∗,k is a complete Segal space;
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(2) for every x, y ∈W0,0,0, the simplicial space mapW (x, y) is a Segal category;
and
(3) the simplicial space W0,∗ is essentially constant.
We have assumed that the simplicial set W0,0 is discrete, so by condition 3 each
W0,k must be homotopy discrete. However, by condition (1), each of these simplicial
sets must be the degree zero space of a complete Segal space. Thus, these complete
Segal spaces are essentially Segal categories, with the only variation that the degree
zero spaces are homotopy discrete rather than actually discrete. We give a more
detailed treatment of this phenomenon in [11].
7. Θ2-models for (∞, 2)-categories
The models in the previous section give us a number of ways to think about
(∞, 2)-categories as weakly enriched categories. However, there are reasons why we
might want a different approach. First, conditions such as the essential constancy
of a complete Segal object suggest that somehow a bisimplicial diagram is bigger
than what we need. Furthermore, such models are not cartesian, a problem which
led Rezk to look for an alternative. Another approach which gives an answer to
these difficulties is given via diagrams which are modeled by the category Θ2 rather
than ∆×∆.
Recall from the previous section that when modeling an (∞, 2)-category by a
bisimplicial diagram, we have extra data, in that we do not want interesting “verti-
cal” morphisms. So, the main idea is that we take diagrams of simplicial sets that
more concisely model the data that we actually want.
Let us state the formal definition, then look at an example.
Definition 7.1. The category Θ2 has objects [m]([k1], . . . , [km]), where [m] and
each [ki] are objects of ∆, and morphisms [m]([k1], . . . , [km]) → [p]([ℓ1], . . . , [ℓp])
given by a function δ : [m] → [p] in ∆, and functions [ki] → [ℓj] defined whenever
δ(i− 1) < j ≤ δ(i).
Example 7.2. The object [4] ([2], [3], [0], [1]) of Θ2 can be depicted as
0
[2] //1
[3] //2
[0] //3
[1] //4 .
Since these labels, themselves objects of ∆, can also be interpreted as strings of
arrows, we get a diagram such as
0

//
HH


1
  
?? KK



2 // 3
!!
??
4.
The elements of this diagram can be regarded as generating a strict 2-category
by composing 1-cells and 2-cells whenever possible. In other words, the objects of
Θ2 can be seen as encoding all possible finite compositions that can take place in
a 2-category, much as the objects of ∆ can be thought of as listing all the finite
compositions that can occur in an ordinary category.
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Let us consider a morphism [4]([2], [3], [0], [1])→ [3]([1], [0], [2]). The first thing
we need to define such a morphism is a map δ : [4]→ [3] in ∆, for example the one
depicted here:
[0]
[2] //
❄
❄❄
❄❄
❄❄
[1]
[3] //
❄
❄❄
❄❄
❄❄
[2]
[0] //
⑧⑧
⑧⑧
⑧⑧
⑧
[3]
[1] //
  ❅
❅❅
❅❅
❅❅
❅
[4]
~~⑦⑦
⑦⑦
⑦⑦
⑦⑦
[0]
[1] // [1]
[0] // [2]
[2] // [3].
We have maps between the labeling objects when it is sensible to do so, as can
be visualized in the above diagram. For example, to complete the definition here
we would need to specify a map [2] → [1], the unique map [0] → [0], and a map
[0] → [2]. We think of the unique arrow 2 → 3 in the top diagram as being sent
to the composite of the arrow 1→ 2 with the arrow 2→ 3 specified by the chosen
map [0]→ [2].
More pictorally, one choice of such a morphism is given by:
0

//
HH


$$
1
  
?? KK




2 //

3
  
??

4



0
  
??
1 // 2

//
HH


3.
Here the map choices are indicated by giving their image in blue; we have distin-
guished the map δ by the arrows in red.
To model (∞, 2)-categories, we want to consider functors X : Θop2 → SSets.
Our first question is how to describe the appropriate Segal conditions, of which we
expect to have two, coming from the two ways that the category ∆ appears in the
category Θ2: the “outside” indexing, and the “internal” indexing, given by arrow
labelings. We can conceptualize these kinds of conditions as follows. If we apply
such a functor X to the object
0

//
HH


1 // 2
  
??
3
of Θop2 , one Segal condition should give us that the resulting simplicial set should
be weakly equivalent to the simplicial set
X
 0 // HH

1
×X(0) X ( 1 // 2 )×X(1) X
(
2
  
??
3
)
.
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The other Segal condition should tell us that the simplicial set
X
 0 // HH

1

is weakly equivalent to
X
(
0
  
??
1
)
×X(0→1) X
(
0
  
??
1
)
.
Once again, we have choices to make as to whether we want to require com-
pleteness conditions or discreteness of certain component spaces. Let us start by
considering completeness for both, as Rezk did. We still retain the analogue of
completeness for a complete Segal space, namely that X([0]) is weakly equivalent
to the subspace of homotopy equivalences in X([1]([0]), which we can visualize as
X(0)
≃
→ X
(
0 // 1
)
heq
.
But we additionally have a higher-dimensional analogue, which says that X([1]([0])
is weakly equivalent to the subspace of homotopy equivalences in X([1]([1]), which
can be visualized as
X
(
0 // 1
)
≃
→ X
(
0
  
??
1
)
heq
Since Θ2 is still a Reedy category [8], we can consider the category SSetsΘ
op
2
with the Reedy model structure and localize so that the fibrant objects have the
desired conditions.
Given an object [m]([k1], . . . , [km]) of Θ2, with m ≥ 2, let Θ[m]([k1], . . . , [km]) be
its associated representable functor Θop2 → Sets, thought of as a discrete functor
Θop2 → SSets. In analogy with the sub-simplicial space G[n]
t ⊆ ∆[n]t, define
G[m]([k1], . . . , [km]) = Θ[1]([k1]) ∐Θ[0] · · · ∐Θ[0] Θ[1]([km]),
and observe that there is a natural inclusion map
G[m]([k1], . . . , [km])→ Θ[m]([k1], . . . , [km]).
The “horizontal”, or “outer”, Segal condition can be made precise by asking that
X be local with respect to all such maps.
The second, “internal” Segal condition is described similarly. Given k ≥ 0, define
Θ[1](G[k]) = Θ[1]([1])∐Θ[1]([0]) · · · ∐Θ[1]([0]) Θ[1]([1]),
which naturally includes into Θ[1]([k]). Objects which are local with respect to
these maps satisfy the second Segal condition.
As we have seen in other models, we can pause here and consider such functors
with no further conditions.
Definition 7.3. A Θ2-Segal space is a Reedy fibrant functor which satisfies both
the Segal conditions described above.
These objects have an associated model structure.
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Theorem 7.4. [41] There is a model structure on the category SSetsΘ
op
2 in which
the fibrant objects are precisely the Θ2-Segal spaces.
What about the completeness conditions? For the first, we use an underlying
simplicial space functor, just as we did for the multisimplicial model.
Definition 7.5. Let τΘ : ∆ → Θ2 be defined by τΘ[m] = [m]([0], . . . , [0]). The
underlying simplicial space of a functor X : Θop2 → SSets is given by τ
∗
Θ(X).
This functor τ∗Θ has a left adjoint, which we denote by (τΘ)#, To define our first
completeness condition, we apply this functor to the map which we use to define
complete Segal spaces. Thus, we localize with respect to the map
(τΘ)#(E
t)→ (τΘ)#∆[0]
t.
The second completeness condition is more subtle to define precisely. The idea is
to define an object Θ[E] which models homotopy 2-equivalences, and then localize
with respect to the map
Θ[E]→ Θ[1]([0]).
The object Θ[E] is defined via an intertwining functor which we do not describe
here; we refer the reader to [41, 4.4] for details.
Definition 7.6. A Θ2-space is a Reedy fibrant functor X : Θ
op
2 → SSets such that
these two Segal conditions and two completeness conditions hold.
Theorem 7.7. [41] There is a cartesian model structure Θ2CSS on the category of
all functors Θop2 → SSets in which the fibrant objects are precisely the Θ2-spaces.
Once again, we want to have a notion of Dwyer-Kan equivalence between Θ2-
spaces which is appropriately fully faithful and essentially surjective. To do so, we
need notions of mapping objects and a homotopy category.
Definition 7.8. Given a functor X : Θop2 → SSets and any (x, y) ∈ X [0]0×X [0]0,
we define the mapping object MΘX(x, y) : ∆
op → SSets, evaluated at the object [k]
of ∆, as the pullback of the diagram
{(x, y)} → X [0]×X [0]← X [1]([k]).
For essential surjectivity, we use the underlying simplicial space functor τ∗Θ.
Definition 7.9. Let X be a Θ2-Segal space. Its homotopy category Ho(X) has
X [0]0 as objects and
HomHo(X)(x, y) = HomHo(τ∗
Θ
X)(x, y).
Now we can make our definitions of fully faithful and essentially surjective.
Definition 7.10. Let X and Y be Θ2-Segal spaces. A morphism f : X → Y is
fully faithful if for every x, y ∈ X [0] and every k ≥ 0 the map
MΘX(x, y)k →M
Θ
X(fx, fy)k
is a weak equivalence in SSets.
Definition 7.11. Let X and Y be Θ2-Segal spaces. A morphism X → Y is
essentially surjective if Ho(f) : Ho(X)→ Ho(Y ) is an essentially surjective functor
of categories.
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We want to consider these notions for more general functors Θop2 → SSets, but
we need to localize first. Let us denote by LX the functorial localization of X in
the model structure for Θ2-Segal spaces.
Definition 7.12. Let X and Y be objects of SSetsΘ
op
2 . A map X → Y is a Dwyer-
Kan equivalence if the associated map LX → LY is fully faithful and essentially
surjective.
As in other models, we have the following result.
Theorem 7.13. Let X,Y : Θop2 → SSets be Θ2-Segal spaces. A map X → Y is a
Dwyer-Kan equivalence if and only if it is a weak equivalence in Θ2CSS.
Now, we would like to compare this model structure to one of those previously
developed to show that Θ2-spaces give good models for (∞, 2)-categories. It is
convenient to compare them to 2-fold complete Segal spaces, for which we need a
way to relate the categories Θ2 and ∆×∆.
We define the functor d : ∆×∆→ Θ2 by
([m], [k]) 7→ [m]([k], . . . , [k]).
As the name suggests, we can think of d as a kind of diagonal functor. As an
example, consider the object ([2], [1]), which maps to [2]([1], [1]). Visually, this
assignment takes the diagram
• //

• //

•

• // • // •
to
•

??
•

??
•.
Observe that this functor is modeling the kind of “compression” of vertical mor-
phisms that we wanted in the passage from a multisimplicial model to a Θ2-model.
The induced functor
d∗ : SSetsΘ
op
2 → SSets∆
op
×∆op
has both a left and a right adjoint, given by left and right Kan extension. We are
interested here in the right adjoint, which we denote by d∗.
Theorem 7.14. [15] The adjunction (d∗, d∗) induces a Quillen equivalence
d∗ : Θ2Sp⇄ CSS(CSS) : d∗.
This comparison shows us, in particular, that Θ2 does exactly what we want
it to, in replacing the essential constancy condition for one simplicial direction of
∆×∆-diagrams by the compressed diagrams in Θ2.
One might observe, just as in the last section, that we have been giving prefer-
ential treatment to a model that incorporates completeness conditions, rather than
asking that certain component spaces be discrete. Let us remedy this situation now
and consider such variants.
Definition 7.15. A Θ2-Segal precategory is a functor X : Θ
op
2 → SSets for which
the simplicial sets X [0] and X [1]([0]) are discrete. A Θ2-Segal category additionally
satisfies both Segal conditions.
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Theorem 7.16. [10] There is a model structure Θ2SeCat on the category of Θ2-
Segal precategories in which the fibrant objects are the Reedy fibrant Θ2-Segal cate-
gories.
But, as before, we have gone to the other extreme and required two discreteness
conditions; we could instead mix and match the completeness and discreteness
assumptions. As with the multisimplicial models, only some of these combinations
give distinct models.
Definition 7.17. A Θ2-Segal [0]-precategory is a functor X : Θ
op
2 → SSets such
that the simplicial set X [0] is discrete. It is a Θ2-Segal [0]-category if additionally
it satisfies both Segal conditions and the completeness condition that
X [1]([0]) ≃ X [1]([1])heq.
Theorem 7.18. [10] There is a model structure Θ2Se[0]Cat on the category of
Θop2 -Segal [0]-precategories in which the fibrant objects are the Reedy fibrant Θ2-
Segal [0]-categories.
We can think of this model structure as giving an intermediate step between Segal
2-categories and 2-fold complete Segal spaces, as given by the following theorem.
Theorem 7.19. [10] The inclusion functors and their right adjoints induce Quillen
equivalences
Θ2SeCat⇄ Θ2Se
[0]Cat⇄ Θ2Sp.
If we try to make the opposite choice, making X [1]([0]) discrete and X [0] ≃
X [1]([0])heq, we actually force X [0] to be discrete, since X [1]([0])heq is a subspace
of a discrete space and thus discrete, and X [0] is a retract of it. Thus, we recover
the Segal 2-category model rather than something new.
The model structures that we have are all compatible with their respective bisim-
plicial models via the adjoint pair (d∗, d∗). The Quillen equivalences below not
already mentioned are to appear in [11].
Theorem 7.20. The functors in the following commutative diagram are left ad-
joints of Quillen equivalences:
SeCat(SeCat) //

SeCat(CSS) //

CSS(CSS)

Θ2SeCat // Θ2Se[0]Cat // Θ2Sp.
The horizontal functors are given by inclusion, whereas the vertical ones are d∗ or
the appropriate restriction thereof.
8. Generalizations of quasi-categories
A natural question a reader might have at this point is whether there are gen-
eralizations of quasi-categories with the same kind of flavor. This question was
initially asked by Joyal, who tried to describe the analogues of horn-filling condi-
tions for functors Θop2 → Sets but was not successful. With the advent of Θ2-spaces,
however, Ara was able to exploit the method of proof for the Quillen equivalence
between quasi-categories and complete Segal spaces to describe such structures and
give a corresponding model structure which is Quillen equivalent to Θ2Sp [1]. We
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sketch the main ideas here; the methods used are substantially different than than
the ones used thus far in this paper, so we do not go into great detail.
Consider the category SSetsΘ
op
2 . We can think of the objects of this category
alternatively as functors Θop2 ×∆
op → Sets, or in turn as functors ∆op → SetsΘ
op
2 .
We want to have a model structure on the category SetsΘ
op
2 such that the adjoint
pair of functors between it and SSetsΘ
op
2 given by inclusion and evaluation at
simplicial degree zero gives a Quillen equivalence of model categories with Θ2Sp,
in analogy with the Quillen equivalence between complete Segal spaces and quasi-
categories.
The following definition is not particularly precise, but gives an idea of the flavor
how we should think of a Θ2-set. Ara gives a more concrete definition in [1].
Definition 8.1. A functor K : Θop2 → Sets is a Θ2-set if K
∼= ev0X for some
Θ2-space X : Θ
op
2 → SSets.
Theorem 8.2. [1, 8.5] There is a cartesian model structure Θ2Sets on the category
of functors Θop2 in which the fibrant objects are the Θ2-sets.
Ara’s proof uses Cisinski’s theory of A-localizers, as does the comparison with
Θ2-spaces. Here, we sketch an argument for the comparison which more closely
models the one of Joyal and Tierney for quasi-categories and complete Segal spaces.
The next step is to give a model structure on the category (SetsΘ
op
2 )∆
op
so that
the fibrant objects are essentially constant in the simplicial direction, using the
model structure for Θ2-spaces. Denoting this model structure by (Θ2Sets)∆
op
ec , the
following comparison is not unexpected.
Theorem 8.3. [1, 8.4] The inclusion and evaluation functors induce a Quillen
equivalence
Θ2Sets⇄ (Θ2Sets)
∆op
ec .
Finally, one can check that the localization for this model structure agrees with
the one for Θ2-spaces.
Theorem 8.4. The model structure (Θ2Sets)∆
op
ec exactly coincides with the model
structure Θ2Sp.
A natural question, given the comparisons of the previous section, is whether
one can obtain a similar model using ∆×∆.
Question 8.5. Is there an analogous model using bisimplicial sets?
9. Generalizing to (∞, n)-categories
In this section we give a very brief introduction to generalizing the ideas of this
paper to higher (∞, n)-categories. In some sense, the hard work is done in knowing
how to generalize from (∞, 1)-categories to (∞, 2)-categories, and then we can
proceed in an inductive way. Of course, there are many variants and combinations,
of which we can only give a hint here.
We describe two of the multisimplicial models inductively as follows.
Definition 9.1. A Reedy fibrant functor (∆op)n → SSets is an n-fold complete
Segal space if it is a complete Segal object in (n− 1)-fold complete Segal spaces.
Definition 9.2. A functor (∆op)n → SSets is a Segal n-category if it is a Segal
category object in (n− 1)-Segal categories.
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Let us consider the generalization of Θ2 to Θn. We use the inductive approach
of Berger [8], which we have essentially used already in our definition of Θ2 above.
Given a small category C, define the category ΘC to have objects [m](c1, . . . , cm)
where [m] is an object of ∆ and c1, . . . , cn are objects of C. A morphism between
two such objects is defined similarly as for the ones in Θ2.
Let Θ0 be the category with one object and only an identity morphism, and
inductively define Θn = ΘΘn−1. Observe that Θ1 = ∆, and Θ2 is exactly the
category as we described it previously.
Consider a functor Θopn → SSets. As we did for Θ2-spaces, we can define n
different Segal conditions: one “outermost” or “horizontal” condition, given by the
inclusions
G[m](c1, . . . , cm)→ Θ[m](c1, . . . , cm)
for any object [m](c1, . . . cm) of Θn, so that each ci is an object of Θn−1. Then the
other n−1 Segal conditions can be imported inductively from those for Θn−1-spaces.
Completeness is similar: the completeness condition which says that the space
of objects is weakly equivalent to the space of homotopy equivalences is given by
the usual completeness condition on the underlying simplicial space. The higher
completeness conditions are given by incorporating those for Θn−1-spaces.
Definition 9.3. AΘn-space is a Reedy fibrant functor Θ
op
n → SSets which satisfies
these n Segal conditions and n completeness conditions.
Theorem 9.4. [41] There is a cartesian model structure ΘnCSS on the category
SSetsΘ
op
n in which the fibrant objects are the Θn-spaces.
Because this model structure is cartesian, we can hope that there is a corre-
sponding model structure for categories enriched in it. The proof that we have a
model structure on small categories enriched in CSS extends to this case. Then
our chain of Quillen equivalences between CSS-Cat and Θ2CSS generalizes to the
following result.
Theorem 9.5. [14], [15] There is a chain of Quillen equivalences between Θn−1Sp-
Cat and ΘnCSS.
In particular, we have appropriate notions of complete Segal objects in Θn-spaces
and Segal category objects in Θn-spaces. The definitions are quite similar to the
ones we have given for n = 2, so we look instead at some interesting things that
happen for n ≥ 3.
Recall the diagonal functor d : ∆ × ∆ → Θ2 which we used to compare 2-fold
complete Segal spaces and Θ2-spaces. In the case of higher n, this functor actually
gives us a means of going from ∆n → Θn incrementally.
Theorem 9.6. [15] Define the functor d : ∆×Θn−1 → Θn by ([m], c) 7→ [m](c, . . . , c).
Then the adjoint pair
d∗ : SSetsΘ
op
n ⇄ SSets∆
op
×Θopn : d∗
induces a Quillen equivalence between the model structure for Θn-spaces and the
model structure for complete Segal objects in Θn−1-spaces.
We can continue this process, successively picking copies of ∆ off of Θn via the
functor d:
∆× · · · ×∆︸ ︷︷ ︸
n
→ ∆× · · ·∆︸ ︷︷ ︸
n−2
×Θ2 → · · · → ∆×Θn−1 → Θn.
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Theorem 9.7. [15] The above chain of functors induces Quillen equivalences be-
tween a model structure for n-fold complete Segal spaces and ΘnCSS.
Another proof of this comparison, not using model categories, is given by Haugseng
[24].
The various models in between can be thought of as hybrids between the Θn-
space model and the multisimplicial model. In all these cases, one can also replace
completeness conditions with discreteness conditions, but as we saw for (∞, 2)-
categories, we only get distinct models when we choose discreteness models from
the bottom up. So, for example, we could ask that the spaces of objects and of i-
morphisms, for i ≤ k, be discrete, and for the spaces of i-morphisms, for k < i < n,
to be weakly equivalent to the space of i + 1-homotopy equivalences. We discuss
these models, and the comparisons between them, in [10] and [11].
Ara’s proof of the comparison between Θ2-sets and Θ2-spaces extends to an
analogous comparison between Θn-sets and Θn-spaces. Again, a natural question
is whether there is an analogous way to develop a multisimplicial model, or models
corresponding to the various interpolations between ∆× · · · ×∆ and Θn.
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